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A Compartmental Dispersion Model for the
Analysis of Mixing in Tube Networks

A compartmental dispersion model of longitudinal mixing in tube net-
works has been developed. The ability of this model to predict the impulse
response of helium, benzene vapor, and sulfur hexafluoride tracer gases in
two and in five generation symmetric network models of the large airway
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system of the lung has been tested over an air flow range of 1 to 400 ml/s.

The resulis imply that velocity profile distortion and secondary flows
in branching regions have only a small effect upon the overall longitudinal
mixing when flow is directed toward the higher-order generations. On the
other hand, accurate prediction of the data requires adequate treatment of
the finite rate of evolution of the Taylor dispersion occurring in these tube

networks.

SCOPE

The tracer dispersion technique applied to both the
cardiovascular and pulmonary systems has become an ac-
cepted, if not routine, method of diagnosis and function
testing. In the lungs especially, where there are several
reliable models of the flow network geometry (see, for ex-
ample, Weibel, 1963; Horsfield and Cumming, 1968q), it
should be nossible to predict the tracer dispersion from
first principles. Or, what is the more relevant biomedical
probiem, given a set of tracer dispersion data, it might
be possible to recognize the nature of deviations in the
system geometry from an established norm.

The objective of this study was to develop an approxi-
mate method of predicting tracer dispersion for laminar
flow through a tube network of known geometry. Though
attention was focused wupon symmetrically branched
models of the pulmonary airway system, the methods can
be extended to other tube networks as well,

Although a wealth of pulmonary dispersion data ob-
tained from human subiects exists, its interpretation has
Ied to inconsistent conclusions among the various investi-
gators. For example, following a 60 ml inspiration of a
helium-oxvgen mixture, Briscoe et al. (1954) found de-
tectable levels of helium in the gas sampled between 750
and 1250 ml expired. These investigators concluded that

Correspondence concerning this paper should be addressed to James
S. Ultman.
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the convective displacement of the helium in a parabolic
front must be responsible for its unexpectedly high pene-
tration. Power (1969) repeated the same experiment using
a mixture of hydrogen and sulfur hexafluoride in air and
concluded that molecular diffusion was of primary im-
portance since the helium consistently penetrated deeper
than the sulfur hexafluoride.

The principal source of confusion in these studies stems
from an oversimplified analysis of the data. In particular,
we feel that in analyzing pulmonary airway transport, one
must allow for significant contributions from several simul-
taneous mixing modes. Wilson and Lin (1970) made this
point by estimating the relative importance of various
tubular mixing mechanisms in Weibel’s (1963) symmetric
model of lung geometry; in this model, the pulmonary
tree is comprised of a set of twenty-three generations of
bifurcating tubes originating at the trachea. Wilson and
Lin’s computations indicate that transport by pure con-
vection is most important in the upper eight pulmonary
airway generations, Taylor dispersion becomes significant
in the following four generations, while axial diffusion
is an important factor in the last eleven generations. Thus,
in developing an algorithm for predicting tracer disper-
sion in the lungs, we have attempted to simultaneously
account for gas transport by convection, axial dispersion,
and axial diffusion.
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CONCLUSIONS AND SIGNIFICANCE

In this study, the analysis of Gill and Sankarasubra-
manian (1970) for axial dispersion in straight tubes has
been utilized within the framework of a compartmental
representation of tube networks. The degree of tracer dis-
persion predicted by this analysis was compared to gas
phase impulse-response data obtained in two and five
generation physical models of the large airways in the
human lung,

Our results indicate that the compartmental network
dispersion theory does an excellent job of predicting the
data, Because the theory does not consider the secondary
flows and velocity profile distortion occurring at points

of tube branching, we conclude that they only have a
second-order effect with respect to longitudinal mass trans-
port processes. Moreover, the theory does account for
the finite evolution rate of the axial dispersion. If, instead,
the asymptotic dispersion formulation of Taylor (1953)
were used, the analysis would grossly overestimate longi-
tudinal mixing in the physical models that were studied.

Although only symmetric tube networks have been
studied in this work, the analysis can be extended to more
complex networks in order to examine other effects such
as geometric asymmetries and nonuniform flow distribu-
tion.

The use of inert gas dispersion to evaluate the mixing
characteristics of the pulmonary airway system is an
accepted experimental tool as well as a routine clinical
method of pulmonary function evaluation, Although the
tracer gas is, in most cases, introduced at a constant rate
into inspired air and sampled continuously during expira-
tion, Cumming et al. (1969) demonstrated the feasibility
of observing the response to an inspired impulse of
tracer gas. As a result of previous tracer experiments, a
wide range of possible mixing mechanisms has been
implicated in the lung, including pure convection (Bris-
coe et al., 1954}, axial diffusion (Power, 1969; Cumming
et al., 1967), Taylor dispersion (Kvale et al., 1975;
Johnson and Van Liew, 1974), radial convective mix-
ing at branch points (Scherer et al., 1975), residence
time distribution effects (Yu, 1975; Horsfield and Cum-
ming, 1968b), and cardiogenic effects (Engel et al., 1973;
Bartels et al, 1954). Yet, the important problem of
assessing the relative contribution of each of these mech-
anisms to the overall degree of dispersion has not been
satisfactorily solved.

The two limiting convective diffusion processes, pure
convection and axial dispersion, were first elucidated

Generation No. O

Fig. 1. Schematic representation of a two-generation symmetric

tube network.
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in the work of G. I. Taylor (1953). To what extent
these processes can, in conjunction with axial diffusion,
account for the impulse response in branched tube net-
works is the key question which motivated this study.
In Taylor’s analysis, axial transport of a solute Howing
through a straight tube was expressed by the differential
equation

aC aC _ _ 8%C

— Y —— =

ot ax 9x2

(1)

The effective axial mixing coefficient (D) can be ex-
pressed as the sum of a binary molecular diffusivity (D)
and a dispersion coefficient (D’) which in general may
be a function of z, ¢, u, 9, and the tube radius (a):

D=9D+D(xtu0D,a) (2)

For fully developed laminar flow in sufficiently long
tubes, corresponding to long residence times of solute in
the tube, Taylor demonstrated that the dispersion co-
efficient equals u?¢?/48D. This formulation of D’ is
often called the Taylor dispersion coefficient. For very
short residence times, Taylor reasoned that D’ can be
attributed solely to the parabolic displacement of solute
caused by the laminar velocity prohle. This process is
often termed pure convective transport.

Employing Taylor’s analysis, Wilson and Lin (1970)
estimated where in Weibel's (1963) model ‘A’ of airway
geometry the limiting values of D’ are reached. This
geometric model is mathematically appealing in that all
branch lengths, all branch diameters, and all branch
angles within a given generation are equal (Figure 1).
These investigators found that pure convection dominated
Taylor dispersion in the upper eight airway generations,
while the reverse was true for generations nine through
twenty-three. Moreover, they concluded that axial molec-
ular diffusion outweighed both pure convection and
Taylor dispersion for generations twelve through twenty-
three. Thus, Wilson and Lin established that there is
a continuous transition from pure convection to Taylor
dispersion in the pulmonary airways. Under these con-
ditions, the asymptotic analysis of Taylor alone cannot
be quantitatively employed to predict the overall im-
pulse response. A

On the other hand, the work of Gill and Sankarasu-
bramanian (1970) provides a continuous form for D’
as a function of the time elapsed after an impulse is
introduced at x = 0,
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D= it (—— — 16 Bne"‘"”') (3)
D 48 n=1

Here B, and )\, are constants defined in terms of Bessel
functions of integer order, J,

Ti(hn) =0 (4)
= L2000 )
)\n []o()‘n) ]2

and 7 is a dimensionless time

f=t('—D—) (6)

a2

The first term on the right-hand side of Equation (3)
is the Taylor dispersion coefficient, while the second
term is due to unfulfilled Taylor dispersion. That is,
this term accounts for the transition from pure convec-
tion at ¢ = O to Taylor dispersion at t — o0, It is the
existence of this explicit equation for D’ that makes a
realistic analysis of dispersion in a branched tube net-
work possible,

Specifically, we will demonstrate how the impulse
response predicted by Equation (3) for individual tube
branches can be incorporated into a compartmental model
in order to predict the overall dispersion occurring along
a particular transport path of a tube network. This
theory will be compared to impulse-response data ob-
tained from two and five generation symmetric physical
models. In these experiments, an air flow rate range of
1 to 400 ml/s was investigated with benzene vapor,
helium, and sulfur hexafluoride introduced as tracers
in separate experiments.

THEORETICAL DEVELOPMENT

Compartmental Representation

For a one-inlet/one-outlet flow system, the extent
of tracer mixing is characterized by the variance (o?)
of the concentration impulse response at the flow outlet:

j;w C(t —t)2dt

o = - (7)
(" cas
c'o
where the mean residence time is defined by
J;w Ctdt
T (8)

If, in addition, such a system may be subdivided into a
series of compartments whose mixing dynamics are not
interdependent, then the system variance may be ex-
pressed as the sum of the concentration variances con-
tributed by each compartment. For example

0't2 = A:O'Zto -+ Ao'ztl + A0'2t2 (9)

for the series system in Figure 2a. Similarly, the mean
residence times are additive
T= At + Aty + 4Ly (10)

In ana]yzing a tube network, it is convenient to repre-
sent the system as a series-parallel array of compart-
ments; each compartment is intended to correspond to a
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particular tubular branch in the real system. In this treat-
ment, the regions where branching occurs are considered
to be nodes of fluid division. This implies that either the
branching regions do not contribute to mixing or that
their contribution has artificially been absorbed into the
dynamics of adjacent compartments. Thus, the mixing
dynamics attributed to each compartment of a network
model (Figure 2b) must at least account for the tracer
dispersion that occurs in the corresponding tubular branch,
and it might also account for mixing induced by adja-
cent branching regions.

A frequent objective in analyzing tube networks is to
be able to predict the overall extent of mixing along a
particular transport path. In terms of the compartmental
model, this implies that the increase in concentration
variance caused by each constitutive compartment as
well as the proper variance additivity rule must be known.
Since o2 is an Eulerian variable, there at first appears
to be a difficulty in amriving at an additivity rule in
branched systems where velocity may change across
branch nodes. For this purpose, it is easier to discuss
the volumetric variance

(rquVzog2 (11)

The square root of o,® represents the fluid volume in
which the tracer is effectively distributed. V is the volu-
metric rate of flow. In crossing a branch node, fluid
volume is distributed to the downstream compartments
in accordance with the relative rate of flow. Thus

2
0‘2‘0,1 +1 = ( ) a'zv,i

is the relationship between the volumetric variance at
the outlet of compartment i and that at the inlet of
compartment (i + 1). Combination of Equations (11)
and (12) yields the equality

0'2t.i+1 = 0'2t,i (13)

Thus, for steady state flow through the compartmental
network model, branch nodes have no effect upon the
variances o%;. This implies that the additivity rule {Equa-
tion (9)] is applicable for a string of compartments in
a tube network,

(12)

Vis
Vi

2 o & o

(&7,80F, ),

-————

Fig. 2. Compartmental systems models. a. Single path system. b.

Tube network with one possible transport path outlined by the

broken envelope. The increose in mean residence time and in tracer

dispersion caused by cach compartment are represented by At;
and Aoct;2, respectively.
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TABLE 1. CHARACTERISTICS OF SYMMETRIC PHYSICAL

MoDELS
Number
of Branch Branch Branch,
Desig-  gener- lengths, I; radii, a; ing
nation  ations (cm) (cm) angle, ¢
Model I 0 18.0 0.85 —_
Model IT 2 6.0 0.85 70°
Model 111 5 Equation (28) Equation (27) 35°

Compartmental Mixing

In traditional compartmental analysis, an individual
compartment is assumed to be perfectly mixed. In our
analysis, however, each compartment is considered to
be a distributed parameter subsystem in which tracer
mixing is described by an appropriate dispersion model.
Our rationale for using this approach is that it forms
a basis upon which tracer mixing can be predicted once
the geometry is specified. The use of perfectly mixed
compartments, on the other hand, would only provide
a useful model for data correlation.

The dispersion model that we adopt is based upon
the solution to Equation (1) for impulse injection at
x =t = 0 of a quantity M of tracer into a doubly in-
finite straight tube of cross section S. If we assume axial
mixing coefficient is a function of time only, the con-

centration profile is given by
ua? 2
[+-(5)]
M/S D

- % P 2N\ ("
o) | 2T o

2( “;2
(14)

We now consider the concentration profiles that would
be sampled at two points x; and x; downstream of the
injection site x = 0. If we assume that dispersion is
relatively small (Levenspiel and Smith, 1957), then the
change in the concentration variance between the sam-
pling positions can be given by

2a (™
=D J; D(zr)dr

where the dimensionless time can be approximated in

terms of the dimensionless residence time:

D Dx

:-——-t—:———

a2 au

C =

(15)

AO';Z =

(16)

We now apply the dispersion model to a given trans-
port path consisting of a series of compartments { = 0,
1,2.... N — 1N. A tracer impulse is injected into
compartment 0 and is sampled at the exit of compart-
ment N. We make the crucial hypothesis that the value
of the mixing coefficient in the " compartment is only
a function of the dimensionless residence time (r;). This
residence time is obtained by summing the individual
values for all compartments along the transport path,
up to compartment i:

o t ( Dl,)
7= g A7y = on o Fu.

Here l;, a5, and u; are the length, radius and gas velocity
in the tubular branch represented by compartment s.
This hypothesis allows the combination of Equations

(17)
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(9) and (15) in order to obtain the overall concentra-
tion variance at the exit of compartment N:
2 N ( o )2 Té
o =5 ) . J;_l D(z)dr
=0

The prediction of the concentration variance using
Equations (17) and (18) requires firstly that the branch
lengths and radii be known and secondly that the func-
tional form of D(r) be stipulated. As a first-order ap-
proximation, we adopt the Gill-Sankarasubramanian
theory, Equations (2) and (3), for D(s). In so doing,
we have implicitly assumed that a well-developed laminar
velocity profile exists in all compartments and that the
shape of the concentration profile is unaltered when the
fluid crosses a branch point. Combination of Equations
(2), (8), (17), and (18) yields the working equation
for the concentration variance:

8 N AT ( a; ) 2
2= 4 — ) Ard
TE % ['1]{192+ 2/ °"
i=0

n

°° B
43 () —e-*nm]} (19)
n=1

In this study, we compare the predictions of Equation
(19) to data obtained in three symmetric tubular net-
works of progressively increasing complexity (Table 1
and Figure 1).

Model I: The Straight Tube

This system was selected in order to determine whether
or not our experimental techniques yield reliable data
for the case where the theory most rigorously applies.
For the straight tube, N is equated to zero in Equation
(19). Also, since two different tracer gases are studied
in the experiments, it is convenient to define a dimen-
sionless variance as

(18)

N

2
8a,t

where g, is a characteristic radius. Combination of Equa-

tions (17), (19) and (20) yields

2=

o (20)

~g T ( a )2 s_ 4 0 ( Bn) L —ner
=T T\ )T 21}‘“2 (1~ em)
(21)
and
Dt L
= =2 (22)
a? au

where ¢ and L are the radius and length of model I,
and @, has been equated to a.

Model II: The Two-Generation
Uniform Diameter Symmetric Tube Network

In symmetric tube networks, the branch generations
are labeled sequentially with the mother branch taken
as i = 0. In the symmetric model II, the branch diam-
eters (2a) and branch lengths (I) each had constant
values throughout the model. In that case, Equations
(19) and (20) become

2 An +( a )2A3
= 2 1102 ol /o

i=0
4 < (_.B..n_> ( —An2T4 o g Mn2Te1)
+ 2 >\n2 e e (23)
n=0
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where the index i represents the generation number, and
a, has been equated to a. .

The summation of the first term on the right-hand side
of this equation is equal to r/192, and summation of the

o B
third term is -~ 4 2 (-;‘—"-"2—) (1 — e~2), ¢ is the
n=0

total dimensionless residence time defined by

2 Dl 2 Dl
= = i
! 2 aty; 2 a’u, (24)
=0 =0
where u, is the velocity through the zeroth generation.

In order to compare Equation (23) to the corresponding
straight tube formulation [Equation (21)], it is nec-
2

essary to relate 2 (A7i)® to 7. That is

i=0

2
2 . 2 Dl 53 ¢—§1 2
zm=zQ%”=777F
21

3

-
l
)
-
]
<

(25)
so that Equation (23) becomes

2
ve=_"_ 02128 (—“-) -
=1 ¥ al

—4 i (%%) (1= e—Mo)  (26)

n=0

which, except for the factor multiplying the axial diffu-
sion term, is the same as the result for the straight tube.

Model I1I: The Five-Generation
Symmetric Tube Network

In the symmetrically branched model studied by Scherer
et al. (1975), the branch radii and lengths decrease from
generation to generation according to the equations

@ = a,273 (27)
L = 6a; (28)

where the index i corresponds to the generation number.
For this particular geometry, the dimensionless residence
time in each branch is given by

(%)

= GG =G () =25
(29)

so that the variance may be found from Equation (19) as

5 a,32-2i/8 12Da,221/3 82g 49— 4i/3
=3 { + + ( ° )
0

_ 6a,

4Du, s D2

i=

n=0

where r; is evaluated by summation of Equation (29)
according to the identity in Equation (17).

In presenting their results, Scherer et al. did not re-
port the concentration variance. Rather they defined a
mixing coefficient based upon the velocity in the zeroth
generation branch. In effect, this is a time averaged mix-

ing coefficient (D) which can be formulated as
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. 24, 2 24 3
D= crt-tio = T (31)
2 72a,

where it has been recognized that the overall dimensional
residence time (¢ ) is given by

—_ 5 L 364, .
-3 (L)

METHODS AND MATERIALS

In this study, impulse-response data for pure sulfur
hexafluoride and pure helium injected into air in sep-
arate experiments were obtained in models I and II
described in Table 1. Both models were constructed of
1.7 cm LD. glass tubing. The branch points of model I1
were constructed by fusing a section of straight tubing
to a section of appropriately curved tubing. All tube
branches occupied the same plane, and the models were
always studied with this plane in a horizontal orientation,
Sampling. holes, approximately 1.5 mm in diameter and
sealed with rubber cement, were located at 3 cm inter-
vals along the upper portion of the tube wall in both
models,

Filtered humidified compressed air was metered through
a set of high and low sensitivity gas rotometers and was
supplied to the model through a 250 c¢m long calming
tube having an inside diameter matched to that of the
models. Air flow was always directed from the zeroth-
order generation toward the higher-order generations,
thereby simulating inspiration of gas into the lungs. A
flow rate range of 1 to 400 ml/s was investigated.

The gas tracer was injected through a 1.5 mm diameter
capillary tube inserted vertically into the calming tube
at its downstream end; the base of this capillary injec-
tion tube was plugged while three equally spaced 0.07
mm holes were drilled through the upstream as well as
the sidestream tube walls, Compressed tracer gas (1 to
10 1b/in.2 abs) was released by momentary (30 to 100
ms) opening of a tuned solenoid valve (series 9 two-way
valve, General Valve Corp.) which separated the injec-
tion tube from the compressed tracer gas supply. The
duration of the electrical impulse opening the valve and
the compression pressure were adjusted for each experi-
mental run in order to achieve the smoothest possible
tracer concentration records.

Tracer gas concentrations were sampled at the center
line of the model tube branches using a double ended
24 gauge capillary needle inserted into the sampling
capillary of a respiratory mass spectrometer (RMSS3,
Gould, Inc.). All data were recorded on a two-channel
strip chart recorder (Brush Mark 280, Gould, Inc.) with
the spectrometer output occupying one channel and the
injection valve impulse recorded on the second channel.
The gas sampling-analysis-recording system exhibited a
909 rise time of 100 ms. For any given set of experi-
mental conditions, the tracer concentration was monitored
at an upstream sampling site and at a downstream site in
separate experiments. In the straight tube model I, the
two sampling sites were 18 cm apart. In the branched
tube model 11, the upstream site was located in the zeroth
generation branch, 6 cm upstream of the first branch point,
and two (theoretically equivalent) downstream sites were
each located 6.0 cm downstream of the entrance of a
second generation branch. Both models had an additional
28 cm of straight tubing beyond the downstream sampling
points in order to minimize artifacts caused by back dif-
fusion from the atmosphere. In both models I and II,
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Fig. 3. Comparison of compartmental dispersion theory ( ) to
the impulse response of helium ((O) ond sulfur hexafluoride (A)

in model Il. The lines between points tie the results from the two
alternative downstream sampling sites. The theory for model |
(- + - ) is shown as is the theory for model 1] when unfulfilled

dispersion is omitted (- - -).

the distance between the tracer injection tube and the
upstream sampling site was 10.7 cm,

At any given flow rate condition, a minimum of sixteen
equally spaced data points were read from the recorder
outputs, and the values of mean residence time and
variance were computed for both the upstream and the
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Fig. 4. Comparison of compartmenta! dispersion theory ( ) to

the impulse response of benzene vapor () in model 111. The theory

with unfulfilied dispersion omitted (---) is also shown. (Data re-

produced by permission from Scherer et al., 1975, J. Appl. Physiol.,
38, 722).
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downstream sampling sites by applying Simpson’s rule
to the integrals in Equations (7) and (8). The impulse
response at a given flow rate was characterized by the
difference between values computed at the upstream and
at the downstream sites:

t= a— tu (33)
o = o — o2 (34)

The subscripts 4 and d indicate upstream and down-
stream sampling sites, respectively. In the case of data

obtained on model II, paired values of t and o2 corres-
ponding to data obtained at the two downstream sampling
sites were calculated.

The of® were nondimensionalized according to Equa-
tion (20). The values for the effective binary diffusivity
of helium in air and sulfur hexafluoride in air were com-
puted from the Hirschfelder, Bird, and Spotz equation
(Bird et al., 1960) as 0.698 and 0.0923 cm?/s, respec-
tively, at 23°C and 1 atm pressure. The value for the
binary diffusivity of benzene vapor in nitrogen, neces-
sary for analyzing the data of Scherer et al. (1975),
was computed as 0.0841 cm?/s by the same method.

DISCUSSION AND RESULTS

Theoretical Predictions

The compartmental dispersion theory was applied to
three tube networks of progressively increasing com-
plexity. The result for the straight tube model I was
obtained from Equations (4), (5), and (21), where the
summation was expanded up to and including n = 4.
The result for the two-generation symmetric model II
was similarly obtained from Equations (4), (5), and
(26). It is not surprising that these results are quite
similar (compare the dotted curve to the solid curve in
Figure 3). Firstly, the nondimensionalized Taylor dis-
persion and the unfulfilled dispersion are independent of
branch length and radius when they are evaluated along
a transport path of uniform diameter; Secondly, models
I and II had the same total transport path lengths so
that differences in axial diffusion were minimized. Never-
theless, at values of Inr > 0.8, where the extent of mix-
ing by diffusion becomes greater than by Taylor disper-
sion, the &2 values in model II are 509 larger than
those in model I because of the increased cross-sectional
area available for diffusion in the branched model.

In the design of their five-generation symmetric tube
network (model IIT), Scherer et al. (1975) provided
geometric similarity to Weibel’s model ‘A’ (1963) of the
pulmonary tree. Thus, the model was built with a 21%
reduction in branch diameter and length across each
branch point. Application of the compartmental disper-
sion theory to predict the mass transport occurring in
this model is a significant departure from the basic
straight tube theory. Using equations (4), (5), (80),
and (31), we have computed the theoretical values of
the mean mixing coefficient D for benzene in nitrogen
when flow is directed from the zero toward the higher-
order generations (solid curve in Figure 4).

Calculations comparing the magnitude of the various
factors contributing to axial mixing were also performed.
Firstly, the effect of neglecting the unfulfilled dispersion
term was examined. In models I -and II, this leads to
significant overestimation of axial mixing at the low resi-
dence times (compare the broken curve to solid curve
in Figures 5 and 8). In medel III, this results in an
overestimation of mixing for the entire range of tracheal
velocities studied by Scherer et al. (compare broken
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Fig. 5. Comparison of compartmental dispersion theory ( )} to

the impulse response of helium () and sulfur hexafluoride (A)

in model I. The theoretical prediction with unfulfilled dispersion
omitted is also shown (- - -).

and solid curves in Figure 4). Secondly, the contribu-
tions of axial diffusion, Taylor dispersion and untulfilled
dispersion were compared at inspiratory conditions repre-

sentative of human subjects at rest: V = 500 ml/s and
D = 0.25 cm?/s for oxygen diffusing in nitrogen. Under
these conditions, the dimensionless residence time in
model II is 0.066. The corresponding dimensionless vari-
ance has a value 1.3(1074) of which 3.0(10-7) is due to
axial diffusion, 3.4(10~%) arises as Taylor dispersion, and
a correction of —2.1(107%) must be applied to account
for the unfulfilled dispersion. In model III, the stated flow
and diffusivity conditions correspond to a value of r =
0.12. In that case, the dimensionless variance is equal to
1.2(107%) and is comprised of contributions of 2.2(1078)
due to axial diffusion, 7.3(1075) due to Taylor dispersion,
and a —6.1(107%) correction for unfulfilled dispersion.
Thus, in a tube network geometry representative of the
first five generations of the human airway system, axial
diffusion makes a negligible contribution to overall mix-
ing, and the value of axial dispersion is only 16% of that
value predicted by Taylor for a fully developed concen-
tration profile.

Preliminary Experimental Observations

Strict adherence of experimental conditions to the theo-
retical analysis requires an ideal impulse injection (that is,
initially the tracer mass must be uniformly distributed over
the tube cross section and injected instantaneously). It
also requires that the radially averaged tracer concentra-
tion be monitored at the sampling points. Preliminary
measurements of the impulse response with sampling at
the tube center line, tube wall, and midway between indi-
cated that the tracer volume (1/V f e Cdt) was, to within

109, uniformly distributed in the radial direction at the
upstream sampling position. Moreover, the tracer residence
time [Equation (8)] between the upstream and down-
stream sampling sites was consistent with the mean resi-
dence time (V/V) for values greater than 0.3 s (Figure
6). For values less than 0.3 s, the tracer residence time
was always less than the mean residence time. These re-
sults may be explained by the fact that the gas sampling
velocity was approximately 700 cm/s, while the tube
center line velocity, which is twice as large as the mean
velocity, ranged from 0.88 to 352 cm/s. Thus, at the
highest gas flow rate, the center line velocity approached
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the value of the sampling velocity. In that case, the sam-
pled gas was representative of the center line tracer con-
centration which exhibits a residence time that is one half
of the mean value. At lower gas flows, however, the rela-
tively high gas sampling velocity resulted in sample with-
drawal from a large radial region surrounding the center
line so that the monitored tracer concentration was repre-
sentative of a radially averaged value.

The above observations lead us to conclude that the
injected tracer was uniformly distributed by the time it
reached the first sampling position and that the center line
sampling procedure yielded an adequate representation
of radially averaged concentration, at least for residence
times greater than 0.3 s corresponding to gas flows less
than 140 ml/s. With these conditions met, there is still
the problem of correcting for the fact that tracer is not
injected instantaneously. In this work, the double sampling
procedure [Equations (33) and (34) ] suggested by Bish-
off (1960) was employed. This technique is strictly valid
when the mixing coefficient is constant, which is certainly
not the case when unfulfilled dispersion is important. How-
ever, calculations employing Equation (21) indicate that
the value of &2 obtained by double sampling will be in
error by no more than 39 for the injector and sampling
locations that we have employed.

Compariscns of the Theoretical Predictions to the Data

There is good general agreement between the data
and theory in the case of the straight tube model (Fig-
ure 5). For the two-generation model 1II, the data agree
well with the theory at extreme values of the dimension-
less residence time, but there is data scatter above the
curve in the central region. We feel that this scatter is an
experimental artifact rather than an effect of tube branch-
ing. Note that the data obtained at the two alternate
downstream sampling points were quite similar, as ex-
pected,

Scherer et al. obtained impulse-response data using the
double sampling procedure in model III. Infrared detec-
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Fig. 6. Consistency of the mean residence time in model ! for helium

(1) and sulfur hexafluoride (A) tracers. Atfcqic is the mean resi-

dence time computed on the basis of the volumetric flow rate, while

Ateyp is the residence time for tracer computed from Equations (8)
and (33).

March, 1977 Page 175



tion was employed to monitor benzene vapor as a tracer
in a pure nitrogen carrier gas. These investigators studied
gas velocities in the range of 10 to 100 cm/s, as measured
in the zeroth generation. We found excellent agreement be-
tween the predictions of the compartmental dispersion
theory and their data (Figure 4). As was the case for
models I and II, this agreement could not have resulted
if unfulfilled dispersion were not taken into account.

The implications of these results are that the extent of
longitudinal mixing of a tracer in laminar flow through a
tube network may be explained on the basis of the axial
diffusion and dispersion that progressively occurs within
the tubular brances. The fluid circulation phenomena oc-
curring at branch points (Schroter and Sudlow, 1969) ap-
pear to have a negligible quantitative effect in the systems
analyzed in this study. Similarly, the deviation of the
laminar velocity profile from its ideal parabolic shape
seems to have little effect on the mixing.

It must be kept in mind, however, that the experiments
in which the compartmental dispersion theory was tested
were limited to symmetric tube networks with branch
length-to-diameter ratios of 8 and 7. Moreover, flow was
always laminar in the direction of increasing branching.
With shorter length-to-diameter ratios, the relative effect
of branching would become increasingly more important
and would eventually have to be accounted for within the
compartmental dispersion formulation. Moreover, there
is some evidence that branching effects play a more im-
portant role when flow is opposite to the direction of in-
creasing branching (Scherer et al., 1975).
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NOTATION

= radius of a tube or tube branch, cm
= radially averaged tracer concentration ml tracer/
ml mixture
D,D’,D = longitudinal mixing, time average longi-
tudinal mixing, dispersion and molecular diffu-
sion coefficients, respectively, cm?/s
J. = Bessel function of order n
I,L = length of a tube branch and total transport path
length, respectively, cm

a
C
D,

M = volume of pure tracer injected at ambient condi-
tions, cm?®
S = tube cross section, cm?2

t,1, At = time, residence time and compartment residence
time, respectively, s

u = mean axial velocity, cm/s

V = model volume, cm?

V = volumetric rate of flow, cm3/s

x = longitudinal position, cm

An = n'troot of the Bessel function [see Equation (4)]

o2, Aoi?; = time variance and compartment time variance

o202 (s2), volumetric variance (cm®), and dimension-

less variance
7, Ar = dimensionless time and compartment dimension-
less time, respectively
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Subscripts

i,s = integers referring to a particular compartment;
the generation number in a symmetric network

u,d = upstream and downstream sampling positions, re-
spectively
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